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GLOBAL EXISTENCE OF FINITE ENERGY WEAK SOLUTIONS
TO THE QUANTUM NAVIER-STOKES EQUATIONS WITH
NON-TRIVIAL FAR-FIELD BEHAVIOR
PAOLO ANTONELLI, LARS ERIC HIENTZSCH, AND STEFANO SPIRITO
Abstract. We prove global existence of finite energy weak solutions to the
quantum Navier-Stokes equations in the whole space with non trivial far-field
condition in dimensions d = 2,3. The vacuum regions are included in the weak
formulation of the equations. Our method consists in an invading domains ap-
proach. More precisely, by using a suitable truncation argument we construct
a sequence of approximate solutions. The energy and the BD entropy bounds
allow for the passage to the limit in the truncated formulation leading to a
finite energy weak solution. Moreover, the result is also valid in the case of
compressible Navier-Stokes equations with degenerate viscosity.
1. Introduction
The aim of the paper is to study the Cauchy Problem associated to the following
Quantum-Navier-Stokes equations (QNS) in (0, T )×Rd for d = 2, 3,
(1.1)
{
∂tρ+ div(ρu) = 0,
∂t(ρu) + div (ρu⊗ u) +∇p(ρ) = 2ν div(ρDu) + 2κ2ρ∇
(
∆
√
ρ√
ρ
)
,
with the far-field behaviour
(1.2) ρ→ 1 as |x| → ∞.
The unknowns are the mass density ρ and the velocity field u, the pressure is given
by the γ-law with γ > 1 and ν and κ are the viscosity and the capillarity coefficients,
respectively. The energy of the system (1.1) is defined as
(1.3) E(t) =
∫
Rd
1
2
ρ|u|2 + 2κ2|∇√ρ|2 + F (ρ)dx,
where the internal energy reads
(1.4) F (ρ) =
ργ − 1− γ(ρ− 1)
γ(γ − 1) .
Notice that the integrability of (1.4) encodes the far-field condition for finite energy
solutions. The Quantum Navier-Stokes equations falls within the more general class
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of Navier-Stokes-Korteweg systems which include capillarity effects in the dynamics
of the fluid [24]. Such systems are given by the following equations
(1.5)
∂tρ+ div(ρu) = 0,
∂t(ρu) + div(ρu ⊗ u) +∇P (ρ) = 2ν div(S) + κ2 div(K),
where the viscous stress tensor S = S(∇u) is determined by
S = h(ρ)Du + g(ρ) div uI,
and h and g are called viscosity coefficients satisfying h(ρ) ≥ 0 and h(ρ)+d g(ρ) ≥ 0.
The capillary term K = K(ρ,∇ρ) reads
K =
(
ρ div(k(ρ)∇ρ)− 1
2
(ρk′(ρ)− k(ρ)|∇ρ|2)
)
I− k(ρ)∇ρ⊗∇ρ,
where k(ρ) ≥ 0 is called the capillarity coefficient. The stress tensor K describes the
capillarity effects and it was originally introduced by Korteweg [24] and rigorously
derived in the present form by [17]. The description of quantum fluids also relies
on similar systems, e.g. the QHD system, namely the inviscid counter-part (ν = 0)
of (1.1), arises as model for superfluidity and Bose-Einstein condensation [26]. The
Cauchy Problem with trivial far-field condition is investigated in [4, 5] and the
QHD system with non-trivial far-field condition will be addressed in the ongoing
work [3]. The quantum Navier–Stokes equation that we study below is obtained
from (1.5) by setting h(ρ) = ρ, g(ρ) = 0 and k(ρ) = 1
ρ
.
Alternatively, the QNS system can also be derived as the moment closure of
a Wigner equation with a BGK type collision term [15, 23], see also [22] where
several dissipative quantum fluid models are derived by means of a moment closure
of (quantum) kinetic equations with appropriate choices of the collision term. In the
absence of capillary effects, namely κ = 0, system (1.1) reduces to the compressible
Navier-Stokes equations with degenerate viscosity. The global existence of weak
solutions in two and three dimensions has been obtained in [35] and [29] with
vanishing boundary conditions at infinity. Concerning the quantum Navier–Stokes
system, the existence of finite energy weak solutions on the torus Td, for d = 2, 3
has been proved in [7] and [25], see also [6, 33]. Global existence of weak solutions
to the isothermal quantum Navier-Stokes equations, i.e. γ = 1, has been proved
in [16]. The result of [16] is proven on Rd for d = 2, 3 with vanishing boundary
conditions at infinity by means of an invading domain approach. Moreover, for
some different choices of viscosity and capillarity coefficients the global existence
has been proved in [9, 8, 14]. In general, the analysis of fluids with density dependent
viscosity, even without capillary tensor, requires new tools compared to the case of
constant viscosity, see Lions-Feireisl theory [31, 19] and also [12]. This is due to
a loss of control on uniform bounds on the velocity field in vacuum regions. On
the other hand, in the case of degenerate viscosities, the Bresch-Desjardins entropy
estimate [10] gives further regularity properties on the mass density, see (2.2).
When considered with capillary effects, the nonlinear structure of the dispersive
tensor depending on the density and its derivatives entails additional mathematical
difficulties, see for instance [10, 11, 13].
The choice of considering system (1.1) with non-trivial conditions at infinity as
in (1.2) is motivated by its applications to the study of singular limits such as the
low Mach number limit [1, 2]. Moreover, this is also the right framework where it
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is possible to consider a wide class of special solutions to (1.1), such as traveling
waves, solitons, viscous shocks, etc.
We remark that our result of global existence of finite energy weak solutions
also applies to the compressible Navier-Stokes equations with degenerate viscosity,
namely for κ = 0. To the best of our knowledge, the Cauchy Problem for (1.1)
with κ ≥ 0 and far-field behavior (1.2) has not been previously investigated in
literature in the class of weak solutions for d = 2, 3. Local strong solutions have
been constructed in [20, 30, 28] for (1.1) with ν > 0 and κ = 0. For d = 1, ν > 0
and κ = 0, existence and uniqueness of global strong solutions with (1.2) has been
shown in [34, 21].
Let us now comment on the definition of finite energy weak solutions of (1.1).
Without further regularity assumptions neither u, ∇u nor 1√
ρ
are defined almost
everywhere due to the possible presence of vacuum, this is somehow reminiscent to
the analysis of the QHD system [4, 5]. On the other hand, the quantity Λ :=
√
ρ u
is well-defined almost everywhere and then the definition of finite energy weak
solutions is given in terms (
√
ρ,Λ). The same difficulty arises in the context of
barotropic Navier-Stokes equations with density dependent viscosity, see for in-
stance [29].
Moreover, in general it is not possible to infer the following energy inequality
(1.6) E(t) + 2ν
∫ t
0
∫
Rd
ρ |Du|2 dxdt ≤ E(0).
which is replaced by a weaker version. To this end, we define the tensor Tν ∈
L2(R ×Rd) satisfying
(1.7)
√
ν
√
ρTν = ν∇(ρu)− 2νΛ⊗∇√ρ in D′((0, T )×Rd)).
By denoting Sν = T
sym
ν , we see that for smooth solutions we have
√
ν
√
ρSν = νρDu
and then (1.6) reads as (2.1).
Analogously, for the capillary tensor we use the identities
1
2
ρ∇
(
∆
√
ρ√
ρ
)
=
1
4
∇∆ρ− div(∇√ρ⊗∇√ρ) = div
(√
ρ(∇2√ρ− 4∇ρ 14 ⊗∇ρ 14 )
)
which turn out to be well-defined in view of the regularity inferred by the energy
and the Bresch-Desjardins entropy estimates. For the sake of consistency with
the literature regarding (quantum) Navier-Stokes equations, we do not use the
hydrodynamic variable Λ in this paper. However, we stress that whenever the
symbol
√
ρu appears it should be read as Λ.
Our method consists in an invading-domains approach, as in [16], see also [27]
and [18], relying on the existence of weak solutions on flat torus [25], [7], [33] which
in addition satisfy a truncated formulation of the momentum equations. More
precisely, given initial data of finite energy we construct periodic initial data on a
sequence of invading tori. On each of them, [25] provides a periodic truncated weak
solution. Next, we show that these solutions provide a sequence of approximate
truncated weak solutions on the whole space. In the limit, we recover a truncated
weak solution to (1.1) on the whole space which we show is in particular a finite
energy weak solution. Contrarily to the aforementioned literature, here we need
to overcome the further difficulty given by the non-trivial conditions at infinity for
the mass density; this will be dealt with by the appropriate choice for the internal
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energy (as already exposed above) and of the spatial cut-offs, see Subsection 3.1
below.
This paper is structured as follows. In Section 2, we give the precise Definition
of finite energy weak solution and state our main results. Section 3 is dedicated to
the construction of suitable periodic initial data on growing tori Tdn for which we
postulate the existence of finite energy weak solutions based on [25]. In particu-
lar, the periodic weak solutions satisfy a truncated formulation of the momentum
equation that will be crucial for the sequel. In Section 4, the sequence of periodic
solutions on invading domains is extended to a sequence of approximate truncated
weak solutions on the whole space with non-trivial far-field behavior (1.2). The
limit of the sequence of approximate solutions provides a truncated finite energy
weak solution to (1.1). Finally, we present the proof of the main Theorem in Sec-
tion 5, namely we show that the obtained truncated finite energy weak solutions
are finite energy weak solutions to (1.1).
2. Definition and main results
As already mentioned, the strategy for proving the existence Theorem 2.2 goes
through constructing suitable solutions on domains Tdn = R
d/nZd with n ∈ N. For
the sake of generality we give the Definition of finite energy weak solutions for an
arbitrary domain Ω, which will be Ω = Rd,Td or Ω = Tdn respectively according
to our purposes.
Definition 2.1. A pair (ρ, u) with ρ ≥ 0 is said to be a finite energy weak solution
of the Cauchy Problem (1.1) posed on [0, T ) × Ω complemented with initial data
(ρ0, u0) if
(i) Integrability conditions
√
ρ ∈ L2loc((0, T )× Ω);
√
ρu ∈ L2loc((0, T )× Ω); ∇
√
ρ ∈ L2loc((0, T )× Ω);
∇ρ γ2 ∈ L2loc((0, T )× Ω); Tν ∈ L2loc((0, T )× Ω); κ∇2
√
ρ ∈ L2loc((0, T )× Ω);√
κ∇ρ 14 ∈ L4loc((0, T )× Ω);
(ii) Continuity equation∫
Ω
ρ0φ(0) +
∫ T
0
∫
Ω
ρφt +
√
ρ
√
ρu∇φ = 0,
for any φ ∈ C∞c ([0, T )× Ω).
(iii) Momentum equation∫
Ω
ρ0u0ψ(0) +
∫ T
0
∫
Ω
√
ρ
√
ρuψt + (
√
ρu⊗√ρu)∇ψ + ργ divψ
− 2ν
∫ T
0
∫
Ω
(
√
ρu⊗∇√ρ)∇ψ − 2ν
∫ T
0
∫
Ω
(∇√ρ⊗√ρu)∇ψ
+ ν
∫ T
0
∫
Ω
√
ρ
√
ρu∆ψ + ν
∫ T
0
∫
Ω
√
ρ
√
ρu∇ divψ
− 4κ2
∫ T
0
∫
Ω
(∇√ρ⊗∇√ρ)∇ψ + 2κ2
∫ T
0
∫
Ω
√
ρ∇√ρ∇ divψ = 0,
for any ψ ∈ C∞c ([0, T )× Ω;Ω).
GLOBAL EXISTENCE OF FEWS TO QNS WITH NON-TRIVIAL FAR-FIELD 5
(iv) There exists a tensor Tν ∈ L2((0, T )× Ω) satisfying identity (1.7), namely√
ν
√
ρTν = ν∇(ρu)− 2νΛ⊗∇√ρ in D′((0, T )×Rd)),
such that the following energy inequality holds for a.e. t ∈ [0, T ],
(2.1) E(t) + 2
∫ t
0
∫
Ω
|Sν |2dxdt ≤ CE(0),
where Sν is the symmetric part of Tν and E as defined in (1.3).
(v) Let
B(t) =
∫
Ω
1
2
|√ρu|2 + (2κ2 + 4ν2) |∇√ρ|2 + F (ρ)dx.
Then for a.e. t ∈ [0, T ],
B(t) +
∫ t
0
∫
Ω
1
2
|Aν |2 dxds+ νκ2
∫ t
0
∫
Ω
∣∣∇2√ρ∣∣2 + |∇ρ 14 |4dxds+ ν ∫ t
0
∫
Ω
∣∣∣∇ρ γ2 ∣∣∣2 dxds
≤ C
∫
Ω
1
2
∣∣∣√ρ0u0∣∣∣2 + (2κ2 + 4ν) |∇√ρ0|2 + F (ρ0)dx,
(2.2)
where Aν = T
asym
ν , with Tν defined as in the previous point.
Notice that the far-field behavior is encoded in the definition of the energy func-
tional (1.3). Our main result states the existence of global finite energy weak
solutions to (1.1) with non-vanishing density at infinity.
Theorem 2.2. Let d = 2, 3 and γ > 1. Given initial data (ρ0, u0) of finite energy,
there exists a global finite energy weak solution to (1.1) on Rd satisfying the far-field
condition (1.2).
When κ = 0, system (1.1) reduces to the compressible Navier-Stokes equations
with degenerate viscosity for which we have the following existence result.
Corollary 2.3. Let d = 2, 3 and κ = 0, γ > 1. Given initial data (ρ0, u0) of finite
energy and BD entropy, there exists a global finite energy weak solution to (1.1) on
Rd satisfying the far field condition (1.2).
The statement of Theorem 2.2 remains true if we consider system (1.1) on Rd
with trivial far-field behavior, i.e.
ρ→ 0, as |x| → ∞.
In this case, the internal energy does not need to be renormalized, namely (3.6) is
substituted by
(2.3) F (ρ) =
1
γ − 1ρ
γ .
The following is the analogue result on the whole space to [7, 25] for κ > 0 and
[29, 35] for κ = 0 respectively.
Theorem 2.4. Let d = 2, 3 and ν > 0, κ ≥ 0 and γ > 1. Given initial data (ρ0, u0)
of finite energy and BD entropy, there exists a global finite energy weak solution to
(1.1) on Rd with trivial far-field behavior.
Notice that [29] provides an existence result for the compressible Navier-Stokes
with degenerate visocosity, i.e. κ = 0 on the whole space with trivial far-field for a
generalized viscosity tensor but with restrictions on the range of γ for d = 3. For
γ = 1 and κ ≥ 0 existence has been proven in [16].
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2.1. Truncation functions. We introduce the truncation functions by means of
which we shall construct the aforementioned solutions to the truncated formulation
of (1.1).
Definition 2.5. Let β : R → R be an even positive compactly supported smooth
function such that β(z) = 1 for z ∈ [−1, 1] and supp(β) ⊂ (−2, 2) and 0 ≤ β ≤ 1.
Further, we define β˜ : R→ R as
β˜(z) =
∫ z
0
β(s)ds.
For any δ > 0, we define βδ(z) := β(δz) and β˜δ(z) :=
1
δ
β˜(δz). Given y ∈ R3, we
denote
βˆδ(y) :=
3∏
l=1
βδ(yl),
further
β1δ (y) =
∫ y1
0
βˆδ(y
′
1, y2, y3)dy
′
1 = β˜δ(y1)βδ(y2)βδ(y3).
The functions β2δ (y), β
3
δ (y) are defined analogously.
We summarize some properties of the truncation functions introduced in Defini-
tion 2.5.
Lemma 2.6. Let δ > 0, βlδ as in Definition 2.5 and M := ‖β‖W 2,∞. Then, there
exists C = C(M) > 0 such that the following bounds hold.
(1) for 1 ≤ l ≤ d,
‖βlδ‖L∞ ≤
C
δ
, ‖∇βlδ‖L∞ ≤ C, ‖∇2βlδ‖L∞ ≤ Cδ,
(2) as δ goes to 0, for every y ∈ Rd and any 1 ≤ l ≤ d,
βlδ(y)→ yl, ∇βlδ(y)→ el,
where el ∈ Rd such that eil = 1 for i = l and eil = 0 otherwise.
3. Solutions on periodic domains
3.1. Construction of periodic initial data. Given initial data of finite energy
(
√
ρ0,
√
ρ0u0) for the problem (1.1) posed onRd with far-field boundary conditions
(1.2), we construct a sequence of initial data to the periodic problem onTdn. To that
end, we consider a smooth cut-off function η ∈ C∞c (Rd) with supp(η) ⊂ [−1, 1]d
such that
(3.1) 1[− 1
2
, 1
2
]d ≤ η ≤ 1[−1,1]d , and ηn(x) = η
(x
n
)
.
We denote Qn = [−n, n]d\(−n2 , n2 ) and notice that supp(∇ηn) ⊂ Qn as well as
‖∇ηn‖L∞(Rd) = O( 1n ). We define the sequence of initial data (
√
ρ0n,
√
ρ0nu
0
n) on
Tdn as follows
(3.2)
√
ρ0n =
√
ρ0ηn + (1− ηn),
√
ρ0nu
0
n =
√
ρ0u01(−n,n)d .
We observe that due to the choice of the cut-off functions, the sequence of ini-
tial data (
√
ρ0n,Λ
0
n) can be extended to periodic functions and may therefore be
considered as functions defined on Tdn. A similar construction has recently been
used in [16] for the existence of weak solutions to isothermal fluids. In the present
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setting, we additionally need to take into account the non-vanishing conditions at
infinity leading to a lack of integrability. We collect some of its properties. For that
purpose, we recall the uniform estimates satisfied by the initial data (
√
ρ0,Λ0) on
Rd, see also [1] for more details. For a generic pair (
√
ρ,
√
ρu) of finite energy we
have the following bounds.
Lemma 3.1. Let (
√
ρ,
√
ρu) be such that E(
√
ρ,
√
ρu) < +∞. Then
√
ρ− 1 ∈ H1(Rd), ρ− 1 ∈ Lγ2(Rd) ∩ L2(Rd),
√
ρu ∈ L2(Rd).
Proof. The bound E(
√
ρ,
√
ρu) < +∞ implies ∇√ρ ∈ L2(Rd). By a convexity
argument, see Appendix A in [1] or also Appendix E in [32], the bound F (ρ) ∈
L1(Rd) yields the estimate in the Orlicz space ρ − 1 ∈ Lγ2(Rd), i.e. there exists
C > 0 such that∫
Rd
|ρ− 1|21{|ρ−1|≤ 1
2
} + |ρ− 1|γ1{|ρ−1|> 1
2
}dx ≤ C.
If γ ≥ 2, this implies ρ − 1 ∈ L2(Rd). The inequality |√ρ − 1| ≤ |ρ − 1| yields√
ρ−1 ∈ Lγ2(Rd). If γ < 2, we notice that the set {|ρ−1| > 12} is of finite Lebesgue
measure and ∇√ρ ∈ L2(Rd) implies √ρ−1 ∈ L2loc(Rd). Hence, there exists C1 > 0
such that ∫
Rd
|√ρ− 1|21{|ρ−1|> 1
2
}dx ≤ C1,
therefore
√
ρ − 1 ∈ H1(Rd). For real s ≥ 0 such that |s2 − 1| > 12 , there exists
c > 0 such that (s2 − 1)2 ≤ c(s− 1)4 implying that there exists C2 > 0, such that∫
Rd
|ρ− 1|21{|ρ−1|> 1
2
}dx ≤
∫
Rd
|√ρ− 1|41{|ρ−1|> 1
2
}dx ≤ C2.
Hence, we conclude ρ − 1 ∈ L2(Rd). The remaining bounds are immediate conse-
quences of the finite energy assumption. 
Next, we infer uniform bounds (in n) for the sequence of periodic initial data
defined in (3.2).
Lemma 3.2. Given (
√
ρ0,
√
ρ0u0) such that ERd(
√
ρ0,
√
ρ0u0) <∞, the sequence
of initial data (
√
ρ0n,
√
ρ0nu
0
n) defined by (3.2) satisfies the following. There exists
an absolute constant C > 0 such that denoting ρ0n = (
√
ρ0n)
2, one has
(3.3)
∫
Tdn
1
2
∣∣∣∇√ρ0n∣∣∣2 + 12 ∣∣∣√ρ0nu0n∣∣∣2 + 1γ − 1ρ0,γn dx ≤ Cnd,
Further,
lim
n→∞
∫
Tdn
1
2
∣∣∣√ρ0n − 1∣∣∣2 = ∫
Rd
1
2
|
√
ρ0 − 1|2dx,(3.4)
lim
n→∞
∫
Tdn
1
2
∣∣∣∇√ρ0n∣∣∣2 = ∫
Rd
1
2
|∇
√
ρ0|2dx,(3.5)
lim
n→∞
∫
Tdn
F (ρ0n) =
∫
Rd
F (ρ0)dx,(3.6)
lim
n→∞
∫
Tdn
1
2
ρ0n
∣∣u0n∣∣2 = ∫
Rd
1
2
ρ0|u0|2dx,(3.7)
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In particular, there exists C > 0 such that ETdn (
√
ρ0n,
√
ρ0nu
0
n) ≤ C uniformly in
n, with E as defined in (1.3) and
lim
n→∞ETdn
(√
ρ0n,
√
ρ0nu
0
n
)
= E(
√
ρ0,
√
ρ0u0).
We emphasize that the bound on the right-hand side of (3.3) depends on n
through the internal energy in view of the far-field condition (1.2).
Proof. Given (
√
ρ0,
√
ρ0u0) of finite energy let the sequence (
√
ρ0n,
√
ρ0nu
0
n) be
defined by (3.2). Inequality (3.3) will then follow from the convergences (3.5), (3.6)
and (3.7). Since (3.4) and (3.5) imply that ‖√ρ0n − 1‖H1(Tdn) ≤ C uniformly in
n, we conclude that
√
ρ0n ∈ H1(Tdn) for all n ∈ N. From (3.6), one has that
ρ0n − 1 ∈ Lγ2(Tdn), thus also (ρ0n)γ ∈ L1(Tdn) by checking that∫
Tdn
(ρ0n)
γ1{|ρ0n−1|≤ 12}dx ≤
∫
Tdn
1 + Lγ |ρ− 1|1{|ρ0n−1|≤ 12}dx ≤ Cn,d,
where Cn,d is proportional to the volume of T
d
n. Thus, it only remains to prove
(3.4) - (3.7). Let us show (3.4). We notice that√
ρ0n − 1 = (
√
ρ0 − 1)ηn,
and thus
|
√
ρ0n − 1| ≤ |
√
ρ0 − 1|.
We conclude by means of the dominated convergence Theorem that
lim
n→∞
∫
Tdn
∣∣∣√ρ0n − 1∣∣∣2 dx = ∫
Rd
|
√
ρ0 − 1|2dx
Similarly in order to derive (3.5) , we recall that supp(∇ηn) ⊂ Qn and observe that
Qn has measure of order O(n
d). We have that for all n ∈ N,∫
Tdn
1
2
|∇√ρn0 |2dx = ∫
Rd
1
2
∣∣∣(∇√ρ0)ηn + (√ρ0 − 1)∇ηn∣∣∣2 dx
=
1
2
∫
Rd
η2n
∣∣∣∇√ρ0∣∣∣2 + 2ηn(√ρ0 − 1)∇√ρ0 · ∇ηn + (√ρ0 − 1)2|∇ηn|2dx
≤
∫
Rd
1
2
|∇
√
ρ0|2dx+
(
‖∇
√
ρ0‖L2(Qn)‖
√
ρ0 − 1‖L6(Qn)‖ηn∇ηn‖L3(Qn)
)
+
1
2
‖∇ηn‖2L∞(Qn)‖
√
ρ0 − 1‖2L2(Qn)
≤
∫
Rd
1
2
|∇
√
ρ0|2dx+ n d−33 ‖∇
√
ρ0‖L2(Qn)‖
√
ρ0 − 1‖L6(Qn) +
1
2
n−2‖
√
ρ0 − 1‖2L2(Qn).
We notice that
lim sup
n→∞
(
n
d−3
3 ‖∇
√
ρ0‖L2(Qn)‖
√
ρ0 − 1‖L6(Qn)
)
= 0
Indeed, one has that
√
ρ0 − 1 ∈ H1(Rd) and therefore
lim sup
n→∞
‖
√
ρ0 − 1‖Lp(Qn) = 0,
for all 2 ≤ p ≤ p∗ as consequence of the decay of the tails of Lp-functions. It is
immediate to see,
lim sup
n→∞
(
1
2
n−2‖
√
ρ0 − 1‖2L2(Qn)
)
= 0
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The dominated convergence Theorem yields that
lim
n→∞
∫
Tdn
1
2
|∇√ρn0 |2dx = ∫
Rd
1
2
|∇
√
ρ0|2dx
For (3.6), we observe that
√
ρ0n converges pointwise to
√
ρ0 a.e. on Rd. Since,
F (·) is convex on R+, it follows that F (ρn0 ) converges pointwise to F (ρ0) a. e. on
Rd. We aim to show the desired inequality and the convergence by introducing G
defined as
G(x) =

C if x ∈ {
√
ρ0 ≤ 1√
2
},
C|
√
ρ0 − 1|2 if x ∈ { 1√
2
≤
√
ρ0 ≤ 1},
F (ρ0) if x ∈ {
√
ρ0 ≥ 1},
We notice that G : R+ → R+ and G ∈ L1(R3). Splitting the integral, we have that
the contribution coming from the domain {
√
ρ0 ≤ 1√
2
} is finite since the volume
of the set is bounded. The second contribution is bounded as
√
ρ0 − 1 ∈ H1(Rd)
and the last is bounded as F (ρ0) ∈ L1(Rd).
We claim that F (
√
ρ0n
2
)(x) ≤ G(x) for all x ∈ Tdn and n ∈ N. Indeed, if x ∈
{
√
ρ0 ≤ 1√
2
}, then x ∈ {0 ≤ √ρ0n ≤ 1} for all n ∈ N. Thus, on the given set
F (
√
ρ0n
2
) ≤ F (0) = γ−1. Next, if x ∈ { 1√
2
≤
√
ρ0 ≤ 1} then x ∈ { 1√
2
≤√ρ0n ≤ 1}
for all n ∈ N. Thus, on the prescribed domain
F (
√
ρn
2
) ≤ C
∣∣∣√ρ0n2 − 1∣∣∣2 = ∣∣∣(√ρ0 − 1)2η2n + 2(√ρ0 − 1)ηn∣∣∣2 ≤ C|√ρ0 − 1|2,
as |
√
ρ0 − 1| ≤ 1. If x ∈ {
√
ρ0 ≥ 1}, then in particular x ∈ {√ρ0n ≥ 1} for
all n ∈ N. Thus, the concatenation F ((√ρ0n)2) is a convex function on the set
{
√
ρ0 ≥ 1} and
F (
√
ρ0n
2
) ≤ ηnF (
√
ρ0
2
) + (1− ηn)F (1) ≤ F (ρ0).
We may therefore apply the dominated convergence Theorem to obtain
lim
n→∞
∫
Tdn
F (ρ0n)dx =
∫
Rd
F (ρ0)dx.
The convergence (3.7) is immediate. 
3.2. Existence of solutions on periodic domains. In this section, we discuss
the existence of a sequence of weak solutions to the system (1.1) on Tdn with initial
data (
√
ρn0 ,
√
ρn0u
n
0 ) provided by Lemma 3.2. In [25], the authors show global
existence of weak solutions to (1.1) posed on [0, T )×Tdn for γ > 1, ν > 0 and κ ≥ 0
complemented with initial data of finite energy. The construction of weak solutions
proceeds in several steps:
(1) The weak solutions to an auxiliary system including drag forces provided
in [35] satisfy a truncated formulation of the equations.
(2) Suitable compactness properties of the truncated solutions allow one to
construct a truncated solution to (1.1).
(3) The truncated weak solutions to (1.1) are shown to be in particular weak
solutions to (1.1).
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By a different approach, namely constructing smooth approximate weak solutions
to (1.1), the existence of weak solutions to (1.1) posed on Tdn satisfying properties
(i)-(iii) has also been obtained in [7, 33], following the strategy of [29]. These results
require additional restrictions on γ, κ. The solutions obtained in [7] can be shown to
be finite energy weak solutions to (1.1) on Tdn in the sense of Definition 2.1, namely
the solutions provided in [7] satisfy (2.1) and (2.2) with C = 1, see Appendix A of
[1]. Following the arguments in [25] and in the Appendix A of [1], it can be checked
that the solutions of [25] also enter the class of finite energy weak solution in the
sense of Definition 2.1. We define
(3.8) κn =
{
κn = κ if κ > 0,
κn =
1
n
if κ = 0.
The notion of (approximate) truncated weak solution to (1.1) is the following.
Definition 3.3. Let d = 2, 3. Given a domain Ω, a sequence (
√
ρn,
√
ρnun) is
called approximate truncated weak solution to (1.1) on (0, T )× Ω with initial data
(ρ0n, u
0
n) if the following are satisfied.
(1) Integrability conditions
√
ρn ∈ L2loc((0, T )× Ω);
√
ρnun ∈ L2loc((0, T )× Ω); ∇
√
ρn ∈ L2loc((0, T )× Ω);
∇ρ
γ
2
n ∈ L2loc((0, T )× Ω); Tν,n ∈ L2loc((0, T )× Ω); κn∇2
√
ρn ∈ L2loc((0, T )× Ω);
√
κn∇ρ
1
4
n ∈ L4loc((0, T )× Ω);
(2) (Approximate continuity equation) there exists a sequence of distributions
Dn ∈ D′([0, T )× Ω) such that Dn → 0 in D′ as n→∞ and
(3.9)
∫
Ω
ρ0ψ(0, x)dx+
∫
Ω
ρnψt + ρnun · ∇ψdxdt = 〈Dn, ψ〉 ,
for any ψ ∈ C∞c ([0, T )× Ω).
(3) (Approximate momentum equation and compatibility conditions) for any
truncation function β as in Definition 2.5, there exist sequences of measures
µnβ , µ
n
β obeying the bound
‖µnβ‖M + ‖µnβ‖M ≤ C‖∇2β‖L∞ ,
uniformly in n and distributions Gn,Kn, Vn ∈ D′([0, T ) × Ω) such that
Gn,Kn, Vn → 0 in D′ as n→∞ and such that
(3.10)∫
Ω
ρ0βlδ(u
0)ψ(0, x)dx +
∫ T
0
∫
Ω
ρnβ
l
δ(un)∂tψ + ρnβ
l
δ(un)un · ∇ψdxdt
− 2
∫ T
0
∫
Ω
(√
νSν,n∇yβlδ(un) + κn
√
ρnSκ,n∇yβlδ(un)) · ∇ψ + 2ρ
γ
2
n∇ρ
γ
2
n
)
∇yβlδ(u) · ∇ψdxdt
=
〈
µnβ +Gn, ψ
〉
,
with Sν,n being the symmetric part of Tν,n satisfying the compatibility con-
dition√
ν
√
ρn∇yβlδ(un)i[Tν,n]ik = ν∂j(ρ∇yβlδ(un)iun,k)−2ν
√
ρnun,k∇yβlδ(un)i∂j
√
ρn+µ
n
β+Vn
in D′([0, T )× Ω) and the capillary tensor Sκ,n satisfying
κnSκ,n = κ
2
n
(√
ρn
(
∇2√ρn − 4(∇ρ
1
4
n ⊗∇ρ
1
4
n
))
+Kn.
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in D′([0, T )× Ω).
Finally, we say that (
√
ρn,
√
ρnun) is a sequence of truncated weak solutions if
Dn = Gn = Kn = Vn = 0. Further, a truncated weak solution is called finite energy
truncated weak solution if in addition (2.1) and (2.2) are satisfied.
The following global existence Theorem for weak solutions in the sense of Defi-
nition 3.3 holds, see [25].
Theorem 3.4. Let γ > 1, ν > 0, κn as defined in (3.8) and (
√
ρ0n,
√
ρ0nu
0
n) be pro-
vided by Lemma 3.2. Then there exists a sequence (
√
ρn,
√
ρnun) of finite energy
truncated weak solutions to (1.1) on (0, T )×Tdn with measures Rnβ , R
n
β . In partic-
ular, (
√
ρn,
√
ρnun) defines a finite energy weak solution to (1.1) on [0, T )×Tdn.
Several remarks are in order.
(1) In (2.1) and (2.2) the pressure term 1
γ−1ρ
γ , has been replaced by the internal
energy F (ρ). We recall that the internal energy and the pressure law are
related by the equation p(ρ) = F ′(ρ)ρ − F (ρ). On a bounded domain Ω,
one easily checks that F (ρn) ∈ L1(Ω) is equivalent to ρn ∈ Lγ(Ω).
(2) The bounds on the measures Rnβ , R
n
β are uniform in n since only depending
on the second derivatives of β being bounded in virtue of Lemma 2.6.
(3) We comment on the energy and entropy inequalities. The solutions pro-
vided by Theorem 3.4 satisfy the following bounds uniformly in n. Since
the solutions provided by Theorem 3.4 satisfy the energy (2.1) and BD
entropy inequality (2.2) and we infer from Lemma 3.2 that
(3.11)
lim sup
n→∞
(
ETdn(
√
ρn,
√
ρnun)(t) +
∫ T
0
∫
Tdn
|Sν,n|2dxdt
)
≤ lim sup
n→∞
ETdn(
√
ρ0n,
√
ρ0nu
0
n)
≤ C
∫
Rd
1
2
ρ0|u0|2 + 2κ2|∇
√
ρ0|2 + F (ρ0)dx.
From Theorem 3.4 and again from Lemma 3.2 we conclude that there exists
C > 0 such that
(3.12)
lim sup
n→∞
(
BTdn(t) +
∫ T
0
(
ν|∇ρ
γ
2
n |2 + νκ2n(|∇ρ
1
4
n |4 + |∇2√ρn|2) + |Tν,n|2
)
dxdt
)
≤ C lim sup
n→∞
(
1 +BTdn(
√
ρ0n,
√
ρ0nu
0
n)
)
≤ C
∫
Rd
1
2
ρ0|u0|2 + (2κ2 + 4v2)|∇
√
ρ0|2 + F (ρ0)dx.
4. Extension to approximate solutions and convergence
In this section, we show that there exists a finite energy truncated weak solution
to (1.1) on the whole space with far-field condition (1.2). The strategy of our
method consists in several steps.
(i) We extend the sequence of periodic solutions provided by Theorem 3.4 to a
sequence of functions defined on the whole space.
(ii) We prove that the extensions provide a sequence of approximate truncated
solutions to (1.1) on Rd according to Definition 3.3.
12 P. ANTONELLI, L.E. HIENTZSCH, AND S. SPIRITO
(iii) As n goes to ∞, the sequence converges to a finite energy truncated weak
solution to (1.1).
Given a sequence of approximate truncated solutions on the invading domainsTdn
provided by Theorem 3.4, we define the density and momenta (ρn := (
√
ρn)
2,mn :=√
ρn
√
ρnun). We extend (ρn,mn) by the stationary solution (ρ = 1,m = 0)
on Rd\[−n, n]d . Let ηn ∈ C∞c (Rd) be defined as in (3.1) and denote Qn =
[−n, n]d\(−n2 , n2 )d so that supp(∇ηn) ⊂ Qn. We introduce,
(4.1)
ρ˜n := ρnηn + (1 − ηn), m˜n = mnηn
S˜ν,n = Sν,nηn, T˜ν,n = Tν,nηn.
Further, we denote
u˜n =
{
m˜n(t,x)
ρ˜n(t,x)
if (t, x) ∈ {ρ˜n > 0},
0 if (t, x) ∈ {ρ˜n = 0}.
Finally, we define
(4.2) ρ˜0n = (
√
ρ0n)
2ηn + (1− ηn), m˜0n = m0nηn,
and
u˜0n =
{
m˜0n(x)
ρ˜0n(x)
if x ∈ {ρ˜0n > 0},
0 if x ∈ {ρ˜0n = 0}.
The main result of this Section is the following.
Theorem 4.1. Let d = 2, 3, γ > 1, ν > 0, κ ≥ 0 and κn as defined in (3.8). Then
(ρ˜n, u˜n) defined in (4.1) is an approximate truncated weak solution to (1.1) with
initial data (ρ˜0n, u˜
0
n) given by (4.2) and viscosity and capillary tensor T˜ν,n and S˜κ,n
respectively. Further, the measures µnβ , µ
n
β satisfy
µnβ = R
n
βηn, µ
n
β = R
n
βηn,
with Rnβ , R
n
β provided by Theorem 3.4.
Moreover, as n goes to infinity, the sequence (ρ˜n, u˜n, T˜ν,n, S˜κ,n) converges to a finite
energy truncated weak solution (ρ, u) with initial data (ρ0, u0) and with viscosity and
capillary tensors (Tν ,Sκ) weak L
2-limits of T˜ν,n, S˜ν,n respectively. More precisely,
ρ˜n converges strongly to ρ in C(R+;L
p
loc(R
d)) for 1 < p < sup{3, γ}, the momenta
m˜n converge strongly to m in L
2
loc(R+;L
p
loc(R
d)) in 1 ≤ p < 32 and ρ˜nu˜nβlδ(u˜n)
converges strongly to ρuβlδ(u) in L
2
loc(R+;L
2
loc(R
d).
We notice that the measures are well-defined on (0, T )×Rd taking into account
the support properties of ηn. We start by collecting the needed uniform estimates
that will follow from (3.11) as well as (3.12). These will be used to show the first
part of Theorem 4.1. Subsequently, we prove suitable compactness properties for
the sequence (ρ˜n, u˜n) needed for the passage to the limit as n→∞.
Lemma 4.2. The extensions introduced in (4.1) obey the following bounds uni-
formly in n,
(4.3)
ρ˜n − 1 ∈ L∞(R+;L2(Rd)), F (ρ˜n) ∈ L∞loc(R+;L1(Rd)),√
ρ˜n − 1 ∈ L∞loc(R+;H1(Rd)), m˜n ∈ L∞(R+, L
3
2 (Rd) + L2(Rd)),√
ρ˜nu˜n ∈ L∞loc(R+;L2(Rd)), ∇ρ˜
γ
2
n ∈ L2loc(R+;L2(Rd)), T˜ν,n ∈ L2loc(R+;L2(Rd)).
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Moreover, there exists
√
ρ,m,Tν ,Sν ,Sκ such that
(4.4)√
ρ˜n − 1⇀ √ρ− 1 in L∞(R+;H1(Rd)), m˜n ⇀m in L∞(R+;L 32 + L2(Rd)),
T˜ν,n ⇀ Tν in L
2
loc(R+;L
2(Rd)), S˜ν,n ⇀ Sν in L
2
loc(R+;L
2(Rd)).
If κ > 0, one has additionally that uniformly in n,
(4.5) κn∇2
√
ρ˜n ∈ L2loc(R+;L2(Rd)), κ
1
4
n∇ρ˜
1
4
n ∈ L4loc(R+;L4(Rd)),
and S˜κ,n,Sκ ∈ L2loc(R+;L2(Rd)) such that S˜κ,n ⇀ Sκ in L2loc(R+;L2(Rd)). Fi-
nally, for a.e. t ∈ [0, T ), one has that
(4.6)
lim sup
n→∞
(∫
Rd
1
2
ρ˜n|u˜n|2 + 2κ2n|∇
√
ρ˜n|2 + F (ρ˜n)dx+ 2ν
∫ T
0
∫
Rd
|S˜ν,n|2dxdt
)
≤ C
∫
Rd
1
2
ρ0|u0|2 + 2κ2|∇
√
ρ0|2dx,
and
(4.7)
lim sup
n→∞
( ∫
Rd
1
2
∣∣∣√ρ˜nu˜n(t)∣∣∣2 + (κ2n + 2ν2)|∇√ρ˜n(t)|2 + F ((ρ˜n)2)(t)dx
+ 2ν
∫ T
0
∫
Rd
|T˜ν,n|2dxdt+ ν
∫ t
0
∫
Rd
|ρ˜
γ
2
n |2dxdt+ νκn
∫ T
0
∫
Rd
|∇ρ˜ 14n |4 + |∇2
√
ρ˜n|2
)
≤ C
(
1 +
∫
Rd
1
2
ρ0|u0|2 + (2κ2 + 4v2)|∇
√
ρ0|2 + F (ρ0)dx
)
.
Proof. We start by showing the bounds (4.3). One has
lim sup
n→∞
‖ρ˜n−1‖L∞t L2x(Rd) = lim sup
n→∞
‖(ρn−1)ηn‖L∞t L2x(Rd) ≤ C lim sup
n→∞
‖(ρn−1)‖L∞t L2x(Tdn),
that is bounded in view of (3.11) and (3.12). Indeed, proceeding as in the proof
of Lemma 3.1, one obtains that the right hand side is bounded by the sum of
F (ρn) ∈ L∞(R+;L1(Tdn)) and ∇
√
ρn ∈ L∞(R+;L2(Tdn))). Those, in their turn,
are uniformly bounded in virtue of (3.11) and (3.12). Next, due to convexity of the
renormalized internal energy and F (1) = 0, one has
F (ρ˜n) ≤ ηnF (ρn),
which yields
lim sup
n→∞
‖F (ρ˜n)‖L∞(R+;L1(Rd)) ≤ lim sup
n→∞
‖F (ρn)‖L∞(R+;L1(Tdn)),
being bounded again by (3.11). The pointwise inequality
|
√
ρ˜n − 1| ≤ |ρ˜n − 1|,
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yields the bound
√
ρ˜n − 1 ∈ L∞(R+;L2(Rd)) uniformly. Next,
lim sup
n→∞
‖∇
√
ρ˜n‖L∞(R+;L2(Rd))
= lim sup
n→∞
∥∥∥∥∥ 12√ρnηn + (1− ηn) (ηn∇ρn + (ρn − 1)∇ηn)
∥∥∥∥∥
L∞(R+;L2(Rd))
≤ C lim sup
n→∞
∥∥∥∥ √ηn2√ρn∇ρn
∥∥∥∥
L∞(R+;L2(Rd)
+
∥∥∥∥∥ (ρn − 1)2√(ρn − 1)ηn + 1∇ηn
∥∥∥∥∥
L∞(R+;L2(Rd))

≤ C lim sup
n→∞
‖∇√ρn‖L∞(R+;L2(Tdn)) ,
where we used that
lim sup
n→∞
∥∥∥∥∥ ρn − 1√(ρn − 1)ηn + 1∇ηn
∥∥∥∥∥
L∞(R+;L2(Tdn))
≤ C lim sup
n→∞
‖ρn−1‖L∞(R+;L2(Qn)) = 0
following from the integrability properties of ρn−1, the L∞-bound and the support
properties for the cut-off ηn and its gradient. The bound on the momenta is an
immediate consequence of (3.11) by observing that |m˜n| ≤ |mn| on [−n, n]d and
m˜n = 0 on R
d\[−n, n]d. The bound on T˜ν,n is analogous. Next, we show the
bound on ∇ρ˜
γ
2
n . If γ ≥ 3, then f(t) = t γ−12 is convex and therefore
lim sup
n→∞
‖∇ρ˜
γ
2
n ‖L2(0,T ;L2(Rd)) = lim sup
n→∞
‖γ(
√
ρ˜n)
γ−1∇
√
ρ˜n‖L2(0,T ;L2(Rd))
≤ lim sup
n→∞
‖γ
(
(ηnρ
γ−1
2
n + (1 − ηn))∇
√
ρ˜n
)
‖L2(0,T ;L2(Tdn)),
and proceeding analogously as in the bound for ∇√ρ˜n we conclude by invoking
(3.12). If 1 < γ < 3, we use that f(t) = t
γ−1
2 is a concave function s.t. f(0) = 0
and therefore sub-additive and proceed as in the previous case. We conclude that
lim sup
n→∞
‖∇ρ˜
γ
2
n ‖L2(0,T ;L2(Rd)) ≤ C lim sup
n→∞
‖∇ρn
γ
2 ‖L2(0,T ;L2x(Tdn)).
Finally, we show the bounds (4.5),
lim sup
n→∞
‖∇ρ˜ 14n‖L4(0,T ;L4(Rd))
≤ C lim sup
n→∞
(∥∥∥∥ ηn4(ρnηn + 1− ηn) 34 ∇ρn
∥∥∥∥
L4tL
4
x(R
d)
+
∥∥∥∥ (ρn − 1)4(ρnηn + 1− ηn) 34 ∇ηn
∥∥∥∥
L4tL
4
x(R
d)
)
The first term is controlled by
lim sup
n→∞
∥∥∥∥ ηn4(ρnηn + 1− ηn) 34 ∇ρn
∥∥∥∥
L4tL
4
x(R
d)
≤
∥∥∥η 14n∇ρ 14n∥∥∥
L4tL
4
x(T
d
n)
,
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that is uniformly bounded from (3.12). The second term is estimated as
lim sup
n→∞
∥∥∥∥ (ρn − 1)4(ρnηn + 1− ηn) 34 ∇ηn
∥∥∥∥
L4tL
4
x(R
d)
≤ lim sup
n→∞
(
‖1{ρn−1<0}
1
4(1− ηn) 34
∇ηn‖L4tL4x(Qn) + ‖1{ρn−1>0}
(ρn − 1) 14
4η
3
4
∇ηn‖L4tL4x(Qn)
)
≤ C
(
1 + lim sup
n→∞
(‖ρn − 1‖L4tL2x(Qn)
)
= C.
Thus,
lim sup
n→∞
‖∇ρ˜ 14n‖L4(0,T ;L4(Rd)) ≤ C lim sup
n→∞
‖∇ρ˜ 14n‖L4(0,T ;L4(Tdn)).
It remains to bound ∇2√ρ˜n in L2(0, T ;L2(Rd)). To that end we compute that
∇2
√
ρ˜n =
1
2
√
ρ˜n
ηn∇2ρn − 1
4
η2n
ρ˜
3
2
n
(∇ρn)2
+
1
2
ρn√
ρ˜n
∇2ηn − 1
4
(ρn − 1)2
ρ˜
3
2
n
(∇ηn)2
+
1√
ρ˜n
∇ηn∇ρn − 1
2
ηn(ρn − 1)
ρ˜
3
2
n
∇ηn∇ρn.
Proceeding analogously as for the previous bound, the L2tL
2
x-norm of the RHS of
the first line is bounded by ‖∇2√ρn‖L2(0,T ;L2(Tdn)) that again is uniformly bounded
in view of (3.11). The other terms can be controlled by exploiting the properties
of ηn and (3.11) and (3.12) holding uniformly in n. Finally, we observe that since∣∣∣√ρ˜nu˜n∣∣∣ =
∣∣∣∣∣ mnηn√ρnηn + (1− ηn)
∣∣∣∣∣ ≤ √ηn
∣∣∣∣ mn√ρn
∣∣∣∣ ,
one has ∫
Rd
1
2
ρ˜n|u˜n|2dx ≤
∫
Tdn
1
2
√
ρn |un|2 dx
Therefore, combing the previous inequalities with (3.11) and (3.12) we conclude
that inequalities (4.6) and (4.7) are satisfied for a.e. t ∈ [0, T ). Hence, the uniform
bounds (4.3) follow. 
The uniform bounds lead to the following convergence results.
Lemma 4.3. The following convergences hold up to subsequences.
(1) ρ˜n → ρ strongly in C(R+;Lploc(Rd)) for 1 < p < sup{3, γ}.
(2) m˜n → m strongly in L2loc(R+;Lploc(Rd)) in 1 ≤ p < 32 .
(3) ∇ρ˜
γ
2
n ⇀ ∇ρ γ2 weakly in L2(0, T ;L2loc(Rd)).
If κ > 0, then
(1)
√
ρ˜n → √ρ strongly in L2loc(0, T ;H1loc(Rd)),
(2) ∇2√ρ˜n ⇀ ∇2√ρ weakly in L2loc(0, T ;L2locRd)).
Proof. We repeatedly use that (
√
ρn,
√
ρnun) is a finite energy weak solution to
(1.1) on the scaled torus.
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(1) One has that uniformly in n,
‖∂tρ˜n‖
L∞(R+;W
−1, 3
2
loc
(Rd))
= ‖ηn∂tρn‖
L∞(R+;W
−1, 3
2
loc
(Rd))
≤ ‖mn‖
L∞(R+;L
3
2
loc
(Tdn))
,
being bounded in virtue of (3.11). On the other hand, ρ˜n ∈ L∞(R+;Lγloc∩
L3loc(R
d)) and∇ρ˜n ∈ L2(Rd)+L 32 (Rd) and hence ρ˜n ∈ L∞(R+;W 1,
3
2
loc (R
d)).
Thus, we conclude from the Aubin-Lions Lemma that ρ˜n− 1 is compact in
C(R+;L
p
loc(R
d)) for any 1 ≤ p < sup{3, γ}.
(2) Since ∂tm˜n = ηn∂tmn, from the second equation of (1.1) we infer that
∂t(ρnun) is uniformly bounded in L
2(R+;H
−s
loc (R
d) for s large enough by
applying the uniform bounds of (3.11) and (3.12). From (4.3), we have
that m˜n ∈ L∞(R+;L 32 +L2(Rd) and ∇m˜n = ηn∇mn+mn∇ηn is bounded
in L2(0, T ;L1loc(R
d)), thus m˜n ∈ L2(0, T ;W 1,1loc (Rd)). The Aubin-Lions
lemma implies that m˜n is compact in L
2(0, T ;Lploc(R
d)) for 1 ≤ p < 32 .
(3) The uniform bound ∇ρ˜
γ
2
n ∈ L2(0, T ;L2(Rd)) implies that up to passing
to subsequences the sequence converges weakly with the weak limit being
identified with ∇ρ γ2 by means of point (1).
If κ > 0, we have∇2√ρ˜n ∈ L2(0, T ;L2(Rd) additionally to
√
ρ˜n−1 ∈ L∞(R+;H1(Rd)).
Hence, ∇2√ρ˜n converges weakly to ∇2√ρ in L2loc(0, T ;L2loc(Rd)) up to subse-
quences. Further, by combining the strong convergence of ρ˜n and the bounds on
the second order derivatives of
√
ρ˜n we obtain that√
ρ˜n → √ρ in L2loc(0, T ;H1loc(Rd)).

Lemma 4.4. Let f ∈ C ∩ L∞(Rd;R) and let (ρ˜n, u˜n) be as defined in (4.1) and
(4.8) u :=
{
m(t,x)
ρ(t,x) (t, x) ∈ {ρ > 0},
0 (t, x) ∈ {ρ = 0}.
Then,
(1) for any 0 < α < 5γ3 , one has ρ˜
α
nf(u˜n) → ραf(u) in Lp((0, T ) ×Rd)) with
1 ≤ p < 5γ3α ,
(2) ρ˜nunf(u˜n)→ ρuf(u) strongly in L2loc(R+;L2loc(Rd)),
Proof. We recall that (1) and (2) of Lemma 4.3 imply that ρ˜n converges to ρ a.e. in
(0, T )×Rd and m˜n converges to m a.e. in (0, T )×Rd. The Fatou Lemma implies
that∫
R+
∫
Rd
lim inf
n→∞
m˜2n
ρ˜n
dxdt ≤ lim inf
n→∞
∫
R+
∫
Rd
m˜2n
ρ˜n
dxdt
≤ lim inf
n→∞
∫
R+
∫
Rd
ηn|√ρnun|2dxdt ≤ lim inf
n→∞
∫
R+
∫
Tdn
|√ρnun|2dxdt < +∞,
due to inequality (3.11). Hencem = 0 on the null set of ρ and by consequence
√
ρu ∈
L∞(0, T ;L2(Rd)). Moreover, since
√
ρ˜nu˜n is uniformly bounded in L
∞(0, T ;L2(Rd))
it converges weakly-∗ to some limit function Λ ∈ L∞(0, T ;L2(Rd)). By uniqueness
of weak-limits and the a.e. convergence of ρ˜n, m˜n we recover, m = ρu =
√
ρΛ.
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We show (1). It easily follows that
lim sup
n→∞
{ρ˜n = 0} ⊂ {ρ = 0}, and {ρ > 0} ⊂ lim inf
n→∞
{ρ˜n > 0}.
Then
ρ˜αnf(u˜n)→ ραf(u), a.e. in {ρ > 0}.
Moreover, since f ∈ L∞(Rd;R) and α > 0 we have that
|ρ˜αnf(un)| ≤ |ρ˜n|α‖f‖L∞ → 0 a.e. in {ρ = 0}.
It follows, that ρ˜αnf(u˜n) converges to ρ
αf(u) a.e. in (0, T ) × Rd. From (4.3), we
have that ρ˜
γ
2
n ∈ L∞(R+;L2loc(Rd))∩L2(0, T ;L6loc(Rd)) uniformly. By interpolation
ρ˜
γ
2
n ∈ L 103 (0, T ;L
10
3
loc(R
d)). Together with Vitali’s convergence theorm, this yields
strong convergence of ρ˜αnf(u˜n) in L
p
loc((0, T )×Rd)) for 0 < α < 5γ3 and 1 ≤ p < 5γ3α .
Next, we show (2). We use again that ρ˜n and m˜n converge a.e. in (0, T )×Rd and
conclude that
ρ˜nu˜nf(u˜n)→ mf(u) a.e. in {ρ > 0},
|ρ˜nu˜nf(u˜n)| ≤ |m˜n| ‖f‖L∞ → 0 a.e. in {ρ = 0}.
Vitali’s convergence theorem together with the uniform bounds from Lemma 4.2
yield the strong convergence in L2loc(R+;L
2
loc(R
d). 
We are now in position to proof Theorem 4.1.
Proof. Let (ρ˜0n, m˜
0
n) and u˜
0
n be defined by (4.2) and (ρ˜n, m˜n) be defined by (4.1).
The required uniform bounds are consequence of (4.3) and (4.5). We compute∫
Rd
ρ˜0nψ(0, x)dx+
∫ T
0
∫
Rd
ρ˜nψt + m˜n · ∇ψdxdt
=
∫
Rd
ρ0nηnψdx+
∫ T
0
∫
Rd
ρn∂t(ηnψ) +mn · ∇(ηnψ)dxdt
+
∫
Rd
(1− ηn)ψ(0, x)dx +
∫ T
0
∫
Rd
∂t ((1 − ηn)ψ)−mnψ · ∇ηndxdt
= −
∫ T
0
∫
Rd
mnψ · ∇ηndxdt,
where we used that ηnψ ∈ C∞c ([0, T ) × Tdn) and thus the second line is the weak
formulation of the continuity equation for (ρn,mn) on T
d
n for an admissible test-
function. We denote
(4.9) 〈Dn, ψ〉 = −
∫ T
0
∫
Rd
mnψ · ∇ηndxdt,
and observe that Dn is well-defined and uniformly bounded in D′([0, T )×Rd) since
mn ∈ L∞(0, T ;L 32 (Tdn)) and ηn ∈ C∞c (Rd). Further, as supp(∇ηn) ⊂ Qn, we
conclude supp(Dn) ⊂ Qn. This allows to infer that Dn converges to 0 in D′ as it is
uniformly bounded and for n sufficiently large supp(ψ)∩supp(Dn) = ∅. We proceed
to verify that (ρ˜n, u˜n) is an approximate solution to the truncated formulation of
18 P. ANTONELLI, L.E. HIENTZSCH, AND S. SPIRITO
the momentum equation. We repeatedly use that ηn(β
l
δ(u˜n)− βlδ(un)) 6= 0 only on
Qn and supp(∇ηn) ⊂ Qn. One has that,
(4.10)
∫
Rd
ρ˜0nβ
l
δ(u˜
0
n)ψ(0, x)dx =
∫
Rd
ρ0nβ
l
δ(u
0
n)(ηnψ0)dx
+
∫
Qn
ρ0n
(
βlδ(u˜
0
n)− βlδ(u0n)
)
ηnψ(0, x) + (1 − ηn)ψ(0, x)dx.
Next, one has
(4.11)∫ T
0
∫
Rd
ρ˜nβ
l
δ(u˜n)∂tψdxdt =
∫ T
0
∫
Rd
ρnβ
l
δ(un)∂t(ηnψ)dxdt
+
∫ T
0
∫
Qn
ρn
(
βlδ(u˜n)− βlδ(un)
)
∂t(ηnψ)dxdt+ (1 − ηn)βlδ(u˜n)∂tψ(0, x)dxdt.
Similarly,
(4.12)
∫ T
0
∫
Rd
ρ˜nu˜nβ
l
δ(u˜n) · ∇ψdxdt =
∫ T
0
∫
Rd
ρnunβ
l
δ(un) · ∇(ψηn)dxdt
+
∫ T
0
∫
Qn
ρnun
((
βlδ(u˜n)− βlδ(un)
)∇(ψηn)− βlδ(u˜n)ψ∇ηn) dxdt.
The pressure term is dealt with as follows,
(4.13)
∫ T
0
∫
Rd
2ρ˜
γ
2
n∇ρ˜
γ
2
n∇yβlδ(u˜n)ψdxdt =
∫ T
0
∫
Rd
2ρ
γ
2
n∇ρ
γ
2
n∇yβlδ(un)ηnψdxdt
−
∫ T
0
∫
Rd
(ρ˜γn − ηnργn)∇(∇yβlδ(u˜n)ψ)dxdt
+
∫ T
0
∫
Qn
ργn∇yβlδ(u˜n)ψ∇ηn + 2ρ
γ
2
n∇ρ
γ
2
n (∇yβlδ(u˜n)−∇yβlδ(un))ηnψdxdt.
Notice that the second and third line are uniformly bounded and have support
contained in Qn due to the properties of ∇ηn and ηn(βlδ(u˜n)− βlδ(un)) 6= 0 only on
Qn. For the viscosity tensor we recover,
(4.14)∫ T
0
2ν
√
ρ˜nS˜ν,n∇yβlδ(u˜n)∇ψdxdt =
∫ T
0
∫
Rd
2ν
√
ρnSν,n∇yβlδ(un)∇(ψηn)dxdt
−
∫ T
0
∫
Qn
2ν
√
ρ˜nSν,n∇yβlδ(u˜n)ψ∇ηndxdt
+
∫ T
0
∫
Qn
2v
(√
ρ˜n∇yβlδ(u˜n)−
√
ρn∇yβlδ(un)
)
Sν,n∇(ψηn)dxdt.
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Similarly, for the capillary tensor, one has
(4.15)∫ T
0
∫
Rd
2κ2n
√
ρ˜nS˜κ,n∇yβlδ(u˜n)∇ψdxdt =
∫ T
0
2κ2n
√
ρnSκ,n∇yβlδ(un)∇(ψηn)dxdt
−
∫ T
0
∫
Qn
2κ2n
√
ρ˜nSκ,n∇yβlδ(u˜n)ψ∇ηnddt
+
∫ T
0
∫
Qn
2κ2n
(√
ρ˜n∇yβlδ(u˜n)−
√
ρn∇yβlδ(un)
)
Sκ,n∇(ψηn)dxdt.
Summing up equations from (4.10) to (4.15) yields that
(4.16)∫
Rd
ρ˜0nβ
l
δ(u˜
0
n) +
∫ T
0
∫
Rd
ρ˜nβ
l
δ(u˜n)∂tψ + ρ˜nu˜nβ
l
δ(u˜n) · ∇ψ − 2ρ˜
γ
2
n∇ρ˜
γ
2
n∇yβlδ(u˜n)ψdxdt
−
∫ T
0
∫
Rd
(
2ν
√
ρ˜nS˜ν,n + 2κ
2
n
√
ρ˜nS˜κn,n
)
∇yβlδ(u˜n) · ∇ψdxdt =
〈
Rnβ , ηnψ
〉
+ 〈Gn, ψ〉 ,
where Rnβ is the measure provided by Theorem 3.4 and Gn is a distribution such
that
(4.17)
〈Gn, ψ〉 =
∫
Rd
ρ0n
(
βlδ(u˜
0
n)− βlδ(u0n)
)
ηnψ(0, x)dx
+
∫ T
0
∫
Rd
(
βlδ(u˜n)− βlδ(un)
)
(ρn∂t(ηnψ) + ρnun · ∇(ψηn))− ρnunβlδ(u˜n)ψ∇ηndxdt
−
∫ T
0
∫
Rd
(
2νSν,n + 2κ
2
nSκ,n
)√
ρ˜n∇yβlδ(u˜n)ψ∇ηndxdt
+ 2
∫ T
0
∫
Rd
(√
ρ˜n∇yβlδ(u˜n)−
√
ρn∇yβlδ(un)
)
(νSν,n + κnSκ,n)∇(ψηn)dxdt
−
∫ T
0
∫
Rd
(ρ˜γn − ηnργn)∇(∇yβlδ(u˜n)ψ)dxdt
+
∫ T
0
∫
Rd
ργn∇yβlδ(u˜n)ψ∇ηn + 2ρ
γ
2
n∇ρ
γ
2
n (β
l
δ(u˜n)− βlδ(un))ηnψdxdt.
From the uniform bounds provided by Lemma 4.2, the properties of βlδ and ηn and
the fact that supp(u˜n) ⊂ [−n, n]d, we conclude that supp(Gn) ⊂ Qn. In particular,
there exists a uniform constant C > 0 such that,
|〈Gn, ψ〉| ≤ C‖ψ‖C∞c ,
and arguing as for Dn, we observe that Gn converges to 0 in D′ since for n large
enough supp(Gn)∩ supp(ψ) = ∅. It remains to check that the compatibility condi-
tions for the tensors S˜ν,n and S˜κ,n are satisfied. Let ψ ∈ C∞c ([0, T )×Rd), then∫ T
0
∫
Rd
√
ν
√
ρ˜n∇yβlδ(u˜n)i[T˜ν,n]jkψdxdt =
∫ T
0
∫
Rd
√
ν
√
ρn∇yβlδ(un)i[Tν,n]jk(ηnψ)dxdt
+
∫ T
0
∫
Rd
√
ν
(√
ρ˜n∇yβlδ(u˜n)i −
√
ρn∇yβlδ(un)i
)
[Tν,n]jk(ηnψ)dxdt
=
∫ T
0
∫
Rd
ν
(
∂j(ρn∇yβlδ(un)iun,k)− 2
√
ρnun∇yβlδ(un)i∂j
√
ρn
)
(ηnψ)dxdt +
〈
Rβ , ηnψ
〉
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+
∫ T
0
∫
Rd
√
ν
(√
ρ˜n∇yβlδ(u˜n)i −
√
ρn∇yβlδ(un)i
)
[Tν,n]jk(ηnψ)dxdt
=
∫ T
0
∫
Rd
ν
(
∂j(ρ˜n∇yβlδ(u˜n)iu˜n,k)− 2
√
ρ˜nun∇yβlδ(u˜n)i∂j
√
ρ˜n
)
ψdxdt+
〈
Rβ, ηnψ
〉
+
∫ T
0
∫
Qn
ν
(
ηn∂j(ρn∇yβlδ(un)iun,k)− ∂j(ρ˜n∇yβlδ(u˜n)iu˜n,k)
)
dxdt
−
∫ T
0
∫
Qn
2ν
(
ηn
(√
ρnun∇yβlδ(un)i∂j
√
ρn
)
+
√
ρ˜nun∇yβlδ(u˜n)i∂j
√
ρ˜n
)
ψdxdt
+
∫ T
0
∫
Qn
√
ν
(√
ρ˜n∇yβlδ(u˜n)i −
√
ρn∇yβlδ(un)i
)
[Tν,n]jk(ηnψ)dxdt.
Thus, there exists a distribution Vn with supp(Vn) ⊂ Qn and such that for any
ψ ∈ C∞c ([0, T )×Rd) one has∫ T
0
∫
Rd
√
ν
√
ρ˜n∇yβlδ(u˜n)i[T˜ν,n]jkψdxdt
= ν
∫ T
0
∫
Rd
(
∂j(ρ˜n∇yβlδ(u˜n)iu˜n,k)− 2
√
ρ˜nun∇yβlδ(u˜n)i∂j
√
ρ˜n
)
ψdxdt
+
〈
Rβ , ηnψ
〉
+ 〈Vn, ψ〉 .
Moreover, there exists a uniform C > 0 such that
|〈Vn, ψ〉| ≤ C‖ψ‖C∞c ,
for any ψ ∈ C∞c ([0, T )×Rd). The uniform bound in D′ together with the support
properties imply that Vn converges to 0 as n → ∞. Arguing similarly, we recover
for the capillary tensor∫ T
0
∫
Rd
2κn
√
ρ˜nS˜κ,nψdxdt = κ
2
∫ T
0
∫
Rd
√
ρn
(
∇2√ρn − 4(∇ρ
1
4
n ⊗∇ρ
1
4
n )
)
ηnψdxdt
+ 2κn
∫ T
0
∫
Rd
(
√
ρ˜n −√ρn)Sκ,nηnψdxdt
= κ2n
∫ T
0
∫
Rd
√
ρ˜n
(
∇2
√
ρ˜n − 4(∇ρ˜
1
4
n ⊗∇ρ˜
1
4
n )
)
ψdxdt
+ κ2n
∫ T
0
∫
Qn
(√
ρn
(
∇2√ρn − 4(∇ρ
1
4
n ⊗∇ρ
1
4
n )
)
ηn −
√
ρ˜n
(
∇2
√
ρ˜n − 4(∇ρ˜
1
4
n ⊗∇ρ˜
1
4
n )
))
ψdxdt
+ 2κn
∫ T
0
∫
Qn
(
√
ρ˜n −√ρn)Sκ,nηnψdxdt
Hence, the error is given by a distribution Kn such that supp(Kn) ⊂ Qn and Kn
is uniformly bounded in D′ and converges to 0 as n goes to infinity. We conclude
that (ρ˜n, u˜n) as defined in (4.1) is an approximate truncated weak solution to (1.1)
with initial data (4.2).
It remains to perform the limit as n goes to infinity. Since (4.6) and (4.7) are
verified, the inequalities (2.1) and (2.2) follow from the weak convergences provided
by (4.4), (4.5), the second statement of Lemma 4.4, lower semi-continuity of norms
and the following observation. Denote by Λ the weak-∗ L∞L2-limit of √ρ˜nu˜n.
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Then, since Λ =
√
ρu whenever ρ 6= 0, we infer for a.e. t ∈ [0, T ),∫
Rd
1
2
ρ|u|2(t)dx ≤
∫
Rd
1
2
|Λ|2(t)dx.
Next, we wish to pass to the limit in (3.9). We check that∫
Rd
ρ˜0nψ(0, x)dx =
∫
Rd
ρ0nηnψ(0, x)dx+
∫
Rd
(1− ηn)ψ(0, x)dx
→
∫
Rd
ρ0ψ(0, x)dx,
where the first term converges thank to Lemma 3.2 and the second term converges
to 0 since for any ψ there exists n0 ∈ N such that for all n ≥ n0, one has supp(ψ)∩
supp((1−ηn)) = ∅. Lemma 4.3 allows thus to pass to the limit on the left-hand-side
of 3.9. Hence, (ρ, u) satisfies the continuity equation of (1.1). We proceed to the
limit of (3.10). Firstly, we infer that∫
Rd
ρ˜0nβ
l
δ(u˜
0
n)ψ(0, x)dx→
∫
Rd
ρ0βlδ(u
0
n)ψ(0, x)dx,
by splitting the integral as in (4.10), applying Lemma 3.2 to the first term and
arguing with the support properties to dispose of the remainder. Indeed, (βlδ(u˜n)−
βlδ(un))ηn 6= 0 only on Qn and thus∫
Rd
ρ0n(β
l
δ(u˜n)− βlδ(un))ηnψ(0, x)dx→ 0.
The last term converges to 0 as βlδ ∈ L∞ and for sufficiently large n supp(ψ) ∩
supp((1− ηn)) = ∅. By applying the convergence results of Lemma 4.3 and Lemma
4.4, we may pass to the limit on the left-hand-side of (4.16). We refer the reader
to [25] and also [9] for more details. Since Rnβηn is uniformly bounded, there exists
a measure µβ such that 〈
Rnβηn, ψ
〉→ 〈µβ, ψ〉 .
Thus, (ρ, u) satisfies (3.9), (3.10) with F = G = 0. Similarly, since Rβ
n
ηn is
uniformly bounded, there exists a measure µβ such that〈
Rβ
n
ηn, ψ
〉
→ 〈µβ , ψ〉 .
Given that Vn,Kn converge to 0 in the limit as n→∞, we infer that the compati-
bility conditions are satisfied in the limit. 
5. Proof of the main Theorems
It remains to show that the truncated finite energy weak solution (ρ, u) provided
by Theorem 4.1 is a finite energy weak solution to (1.1) with (1.2). We proceed as
in [25]. The proof uses a local argument for which the far-field plays a minor role,
we omit the details.
Proof of Theorem 2.2. Given initial data (
√
ρ0,
√
ρ0u0) of finite energy, i.e. such
that (1.3) is bounded, concatenating Lemma 3.2, Theorem 3.4 and Theorem 4.1
provides a finite energy truncated weak solution (ρ, u) to (1.1) with far-field con-
dition (1.2) in the sense of Definition 3.3. It remains to show that (ρ, u) is a finite
energy weak solution to (1.1) according to Definition 2.1. For that purpose, we
recall that βlδ in (3.10) is as stated in Definition 2.5. From Lemma 2.6 and the
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uniform bounds , we conclude by applying the dominated convergence Theorem
that for any 1 ≤ l ≤ 3 and any compact set K ⊂ Rd,
ρβlδ(u)→ ρu in L1((0, T )×K),
√
ρβlδ(u)→
√
ρul in L2((0, T )×K),
ρ
γ
2∇ρ γ2∇yβlδ(u)→ ρ
γ
2∇ρ γ2 in L1((0, T )×K),
√
ρ(
√
νSν + κSκ)∇yβlδ(u)→
√
ρ(
√
νSν + κSκ) in L
1((0, T )×K).
Further we have that
‖µβ‖M + ‖µβ‖M ≤ 2Mδ.
Thus, performing the δ-limit in (3.10) yields a weak solution to the momentum
equation of (1.1) which completes the proof. 
Next, we comment on the proof of Corollary 2.3.
Proof of Corollary 2.3. If κ = 0, the BD entropy of the initial data yields a L2(Rd)
bound for ∇
√
ρ0. We may then construct periodic initia data on Tdn by means
of Lemma 3.2. Defining κn as in (3.8), concatenating Theorem 3.4 and Theorem
4.1 provides a truncated finite energy weak solution to (1.1). Furthermore, the
capillary tensor S˜κ,n is uniformly bounded in L
2
loc(0, T ;L
2(Rd)) and since κn → 0
the corresponding contribution in (4.16) satisfies∫ T
0
∫
Rd
2κnS˜κ,n∇yβlδ(u˜n) · ∇ψdxdt→ 0.
Thus, the pair (
√
ρ, u) is a truncated weak solution to (1.1) with κ = 0. Proceeding
as in the proof of Theorem 2.2 we carry out the δ-limit to obtain a finite energy
weak solution. 
Finally, we sketch the proof of Theorem 2.4. It follows the strategy of proof
of Theorem 2.2. Minor modifications are necessary to adapt the method to the
different far-field behavior. However, gaining integrability for ρ in the present
setting simplifies the proof.
Proof of Theorem 2.4. If the system is considered with trivial far-field behavior,
then the internal energy is given by (2.3). Let (
√
ρ0,
√
ρ0u0) be initial data of
finite energy and BD-entropy. For ηn as in (3.1), let√
ρ0n =
√
ρ0nηn,
√
ρ0nu
0
n =
√
ρ0nu
0
nηn.
One easily verifies that the respective version of Lemma 3.2 is still valid and pro-
vides periodic initial data. We then exploit Theorem 3.4 to prove the respective
version of Theorem 4.1 yielding a truncated finite energy weak solution on the whole
space. The renormalized internal energy is substituted by (2.3) and we adapt the
related uniform bounds. Notice that the extensions (4.1) are defined by the sta-
tionary solution (ρ = 0, u = 0) away from [−n, n]d. The δ-limit is then performed
analogously to the proof of Theorem 2.2. 
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